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In this paper we present a fast parallel algorithm for constructing a depth first search tree 
for an undirected graph. The algorithm is an ~.Ar~ algorithm, meaning that it is a probabilistie 
algorithm that runs in polylog time using a polynomial number of processors on a P-RAM. The 
run time of the algorithm is O(TM ~ (n) log a n), and the number of processors used is Pra ta (n) where 
TuM(n) and P ~ ( n )  are the time and number of processors needed to find a minimum weight 
perfect matching on an n vertex graph with maximum edge weight n. 

1. Introduction 

In this paper we present a fast parallel algorithm for constructing a depth 
first search tree of  an undirected graph. This is the first ~.Ar~ algorithm for the 
problem. The problem of  performing depth first search in parallel has been con- 
sidered by a number of  authors [13], [5], [14], [1] and has been conjectured to be 
inherently sequential. The question as to whether depth first search could be per- 
formed by a fast parallel algorithm was raised by WyUie [17] in his ground break- 
ing thesis. 

Depth first search is a very important  technique for sequential computa- 
tion. It  has been used in the construction of  a large number of  efficient sequential 
algorithms [16]. However, depth first search seems to be sequential in nature. It is 
known that computing the lexicographically first depth first search tree is P-com- 
plete [14]. This is the depth first search tree found by the "natural" greedy algorithm. 
However, there are a number of  problems, such as maximal independent set [9], 
[4], where computing the lexicographically minimal solution is P-complete, while 
a solution can be found in Jl/'c~ or t~.A/'~. The main question that we investigate 
in this paper is whether the process of  depth first search is inherently sequential or 
is it possible to perform a depth first search with a fast parallel algorithm. 

The only cases where af'c~ algorithms are known for depth first search are for 
restricted classes of  graphs. For  example, depth first search can be done in planar 
graphs [15] and directed acyclic graphs [12], [7] with .A/'c~ algorithms. A problem 
that is related to depth first search that has investigated previously by the second 
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author is the problem of finding a branch of a depth first search tree. This problem is 
known as the maximal path problem. The maximal path problem can be solved by a 
rather complicated &dog  algorithm [1]. This is another example of a problem where 
computing the lexicographically first solution is P-complete [3], but a different 
approach gives a fast parallel algorithm. 

The algorithm presented in this paper is a substantial improvement over pre- 
viously known parallel algorithms for depth first search. The best previously pub- 
lished result was an O (n 112) algorithm [1]. That result had been improved to 0(2  2 iofi-6ff~) 
[2] prior to this result. Similar techniques are used in all three of these algorithms. 
In particular, an important step in the algorithms is to construct sets of disjoint 
paths. The paths are constructed by using network flow techniques which in turn 
use matching. The result that made these algorithms possible was the ~,A/'cg algo- 
rithm for matching [8]. The only use of randomness in the algorithms has been the 
reliance on probabilistic subroutines for matching. If matching could be solved in 
gV~, then depth first search could also be solved in ,W'cg. 

The depth first search problem is: given a graph G=(V, E) and a vertex r, 
construct a tree Tthat  corresponds to a depth first search of the graph starting from 
the vertex r. There are a number of different ways to characterize a depth first search 
tree. One of them is: Tis a depth first search tree if and only if for all non-tree edges 
(u, o), u and v lie on the same branch of the tree. 

In this paper, we only address the problem of depth first search for undirected 
graphs. Itis unclear whether or not our methods can be generalized to directed graphs. 

2. Notational conventions 

In our algorithm we work extensively with paths and vertices. We often use a 
set of vertices to denote an induced subgraph wherein the edges are inherited from the 
graph G=(F ,  E). A path is an ordered set of distinct vertices P=Pt, ...,P~ with 
edges (p~,pz+t)EE for l~_i~_k. Paths are sometimes viewed as being directed. 
A lower segment of p is a subpath pt . . . . .  pj and an upper segment is a subpath 
pj . . . .  , p~. The algorithm maintains several sets of vertex disjoint paths. For a set of 
paths Q={ql . . . .  , q,,}, we use [QI to denote the number of paths. We occasionally 
mix notation and refer to sets of vertices and paths in the same expression. In partic- 
ular, i fp is a path and Q is a set of paths, F - p  denotes the induced subgraph after 
all vertices on p have been removed, and V - Q  denotes the induced subgraph after 
all vertices contained in paths in Q have been removed. 

3. Overview of the algorithm 

Our depth first search algorithm is a divide and conquer algorithm. A portion 
of a depth first search tree is constructed which allows the problem to be reduced to 
finding depth first search trees in graphs of less than half the original size. The depth 
of reeursion is log n. 

An Initial Segment is a rooted subtree T" that can be extended to some depth 
first search tree T. We give an algorithm which constructs an initial segment T' with 
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the property that the largest connected component of V -  T" has size at most n/2. 
The initial segment has root r. 

An initial segment T'  can be extended to a depth first search tree in the fol- 
lowing manner. Let C be a connected component of V - T ' .  There is a unique 
vertex x~T" of greatest depth that is adjacent to some vertex of C. Let y~C be 
adjacent to x. Construct a depth first search tree for C rooted at y and then connect it 
to T' by an edge from x to y. This construction can be performed independently for 
each connected component of V - T ' .  

Since the problem size is reduced by at least half at each stage, the depth of 
recursion is at most log n. The time for a stage is dominated by the time to construct 
an initial segment. Then run time for the full algorithm is thus log n times the time 
to construct an initial segment. 

The algorithm that constructs an initial segment consists of two parts. A set Q 
of vertex disjoint paths is said to be a separator ff the largest connected compo- 
nent of V - Q  has size at most n/2. This follows the standard graph theoretic 
use of the term [6]. The first part of the algorithm is to construct a separator Q, 
where the number of paths in Q is bounded by a fixed constant. The second part is to 
construct an initial segment from the separator Q. The first part, constructing a small 
separator is the most significant part. The second part arises primarily from technical 
considerations, and is an adaptation of a routine from the earlier depth first search 
algorithm [1]. The next three sections cover the construction of the small separator 
and then the following section describes how the initial segment is built from the 
separator. 

4. Constructing a separator 

The central part of the algorithm is to construct a set of vertex disjoint paths 
Q =  {qt . . . .  , q,}, where k is less than a fixed constant and the largest component 
of V - Q  has size at most n/2. The algorithm to construct the separator relies 
on a routine Reduce(Q) which reduces the number of paths in Q while retaining 
the separator property. Each call to Reduce reduces the number of paths by a factor 
of 1/12. 

Initially, Q consists of all the vertices of V, each as a path of length 0. The 
separator property holds trivially at the beginning since everything is in Q. Since 
there is a constant fraction reduction in the number of paths in Q by each call to 
Reduce, O(log n) calls suffice to reduce the size of Q to at most 11. At that point 
the second part of the algorithm, that of constructing the initial segment, is per- 
formed. It would have been desirable to reduce the separator to just a single path, 
and then use it as a branch of the depth first search tree, but that has difficulties 
for a couple of reasons. First, the routine Reduce only guarantees a reduction if 
it contains a sufficiently large number of  paths. Second, in order to use a single 
path in the depth first search tree, it would be necessary to have the vertex r as 
one of the endpoints of the path. It is possible to change the endpoint of a single 
path that is a separator, but the method is essentially the same as the routine to 
construct the initial segment. 
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5. Reducing the number of paths 

We now describe the main routine Reduce. The basic idea is to join the paths 
of Q by finding vertex disjoint paths between them. This allows paths of Q to be 
combined in pairs so that their number is reduced. The disjoint paths are found 
by using a parallel subroutine for matching. Our routine Reduce satisfies the fol- 
lowing specification: 

Reduce(Q) 
input 

A set Q of  vertex disjoint paths such that the largest connected compo- 
nent of V - Q  has size at most n/2. IQI_~I2. 

output 
A set Q' of vertex disjoint paths such that the largest connected compo- 
nent of V-Q" has size at most n[2. [Q'I<-(I1/12)IQ[. 

The general situation in Reduce is to have a set ot" vertex disjoint paths Q that 
is a separator for the graph. Q is divided into two sets of paths, L and S. A set of 
vertex disjoint paths P =  {Pl . . . . .  p,} is found between the paths of L and the paths 
of S. Each path Pt has one of its endpoints a vertex of some path in L and its other 
endpoint a vertex of some path in S, and interior vertices from V - Q .  Each path 
of Q contains the endpoint of at most one path of P. Suppose the path p joins paths 
IEL and sES, p has endpoints x and y, l=l 'xl"  and s=s'ys". Then the paths 

Fig. 1 

l and s can be joined to form l'ps'. The question is what to do with the unused 
segments 1" and s". If 1" and s" are kept as paths, then there are three paths instead 
of the original two. On the other hand, if 1" and s" are discarded and no longer 
considered part of Q, then components of V - Q  could merge and the separator 
property could be lost. The key idea in the routine Reduce is how to deal with the 
unused segments in a manner that maintains the separator property without increas- 
ing the number of paths. 

The paths of Q are divided into the two sets L and S. L is thought of as the 
long paths and S is thought of as the short paths. The idea is to find the disjoint 
paths and extend the paths of L using the paths of S. The short paths have the~ 
lengths decreased by this process. Let P = { p t  . . . . .  p~) be a set of vertex disjoinl 
paths joining paths of L to paths of S. Suppose the path p joins the path Is and 
sES. Let l=l 'x l"  and s=s'ys" where x and y are the endpolnts ofp .  I f s '  is at 
least as long as s", then l is replaced by l'ps', s is replaced by s" and 1" is discarded, 
Otherwise, ifs" is longer, I is replaced by l'ps", s is replaced by s'  and 1" is discarded. 
In either case the path s is reduced in length by half. This is done for each pat~ 
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EP and the pair of paths p joins. When L and S are joined by a set of paths P, 
and S denote the paths of L and S that are joined. The upper segments of the 

paths L that are discarded are denoted L*. Note that this operation of joining paths 
does not increase the number of paths. The number of paths on L remains the same. 
The number of paths in S can decrease. If a path of S is joined at an endpoint, the 
entire path is added to a path of L. 

Initially, suppose [QI =K. The paths of Q are divided so that K/4 paths are 
placed in L and the remaining paths are placed in S. A maximum cardinality set 
of disjoint paths P =  {Pl, ..., P~} is found between L and S and then the paths are 
joined as described above. This step is repeated until the number of paths in Q is at 
most llK/12. There are, however, two things that could go wrong: 

1. Discarding the paths L* could cause components of V - Q  to merge. 
This could cause the separator property to be lost. 

2. The number of paths joined might be small so little progress is made by 
this step. This case is said to occur when the number of paths joined is 
less than 1(./12. 

P II 
L 

p 

q: 

Fig.  2 

Suppose for the time being that neither case I nor case 2 occurs. Then in a step 
the lengths of at least K/12 paths of S are reduced by at least half. Since there 
are 3K/4 paths in S initially, each of length less than n, the maximum number of 
phases before S is exhausted is 9 log n. Thus, as long as nothing goes wrong, the 
number of paths can be reduced by a constant fraction in O(log n) phases. Phases 
are repeated until the number of paths is reduced to llK/12. Thus, we have the 
following lemma. 

Lemma 1. I f  neither case I nor case 2 arises, the number of  paths in Q can be reduced 
to ILK/12 in 91ogn phases ofjoiningpaths. 

To e0mplete the description of the algorithm, we describe what to do if either 
ease I or 2 arises. 

The main danger in joining paths is that discarding segments of L may cause 
the separator property to be violated. In order to deal with this potential problem we 
add a restriction to the set of vertex disjoint paths that is constructed. Suppose the 
maximum number of vertex disjoint paths between L and S is ~, with ot~_K/12. Let 
P={Pl . . . . .  p~} be a maximum set of disjoint paths from L to S. For the path Pl 
from I to s we assign a cost equal to the length of the segment cut off. That is if 
! =1' xl", with x an endpoint of Pt we assign it a cost of Ii"1. The set of vertex disjoint 
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paths that we find is the one that minimizes the total cost. In the next section we 
show that the problem of finding a mincost set of paths can be reduced to a matching 
problem and consequently solved by an 9~.A/'cg algorithm. 

Now we show how to deal with the case where discarding the paths causes a 
iarge connected component to form. Suppose that P={Pl . . . .  ,p~} is a mincost 
maximum set of vertex disjoint paths. Let T be the set of vertices not on any path, so 
T= V - Q - P .  The key is the following lemma which says that if the upper seg- 
ments of the paths cannot be discarded without creating a large connected compo- 
nent, then a different set of paths can be discarded. 

Lemma. 2 I f  the largest connected component of TUL* has size at least n/2, then the 
largest connected component of TU ( S - ~ )  has size less than n/2. 

Proof. The largest component of T has size at most n/2 since Q is assumed to 
be a separator for the graph. There cannot be a path from a vertex in L* to a ve- 
rex in S - $  using vertices of T. If there was such a path then a set of paths the 
same size as P could have been found between L and S with strictly less cost. The 
induced subgraph on TUL*U(S-~)  must contain at least two connected com- 
ponents. Either the components containing vertices of L* or the components con- 
taining vertices of S - $  must have total size at most n/2 since L* and S - ~  fall 
into different components. Since the largest connected component of TUL* is 
assumed to have size at least n/2, it follows that the size of the components containing 
S -  ~q in TU L* U ( S -  ~) is at most n/2. Hence, the largest connected component of 
T U ( S - ~ )  has size at most n/2. | 

Thus, if case 1 occurs, the paths of S - , q  can be added to T instead of L*. 
Discarding the paths S - ~  is st;ffieient to achieve a constant fraction reduction in 
the number of paths and preserves the separator property. "Ihe remaining paths are 
L, ~ and P. The number of paths in each of these sets is at most K/4, so the numbe t 
of paths remaining is 3K/4. Thus, when this case occurs, we just discard the path 
s -- ~ and Reduce is done. 

The other bad case is if there are few paths between L and S. Suppose 
P={pt . . . . .  p~} is a maximum set of disjoint paths and ~<K/12. Since P is maxi- 
mum there could not be a path from L - L  to S - ~  using vertices of T. Thus 
L - L  and S - ~  fall into separate connected components in the graph s 
TU(L-L)U(S-~) .  By similar reasoning to above, either the gr2ph on TU(L-L) 
or on T U ( S - ~ )  has connected components of size at most n/2, so either L - L  
or S - $  m a y  be discarded without losing the separator property. Suppose the 
paths of L - L  are discarded. "lhen the remaining paths are L, P, and S. L and 
P each have at most K/12 wths  and S has at most 3K/4 paths so the number 
of paths is reduced to llK/12 paths. If the paths S-~q are discarded, then the 
remaining paths are L, P, and ~q which have total size at most 5K/12. In either 
case, a constant fraction reduction is achieved, so that the second bad case can als0 
be dealt with. 
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6. Finding sets of disjoint paths 

We now show how the problem of constructing a maximum set of vertex 
disjoint paths can be reduced to a matching problem. The matching problem is 
to construct a perfect matching of minimum weight. The edges have integer weights 
of at most n. The reduction can be done in O(log n) time using n z processors. 

The maximum set of disjoint paths problem can be stated as follows: Given a 
graph G'=(V', E') and disjoint sets of vertices Xand Yfind a maximum cardinality 
set of vertex disjoint paths that have one endpoint in X and the other in IT. The 
weighted version of the problem is where weights are attached to the edges and a 
maximum set of disjoint paths with minimum total weight is sought. It is easy to see 
that this is the problem we need to solve to find the disjoint paths for our algorithm. 
Each path in L is contracted to a vertex that is put in X, and each path in S is con- 
traeted to a vertex that is put in Y. The edges leaving vertices of X are assigned 
weights that correspond to the edges leaving paths of L. Now, the problem of finding 
a maximum set of disjoint paths from X to Y can be expressed as a flow problem 
with unit capacities [6] and then reduced to bipartite matching. The weighted version 
of the disjoint paths problem can be solved by a mincost flow problem which can 
be reduced to weighted matching. However, this approach uses many processors. 
The reason that this approach uses so many processors is that the reduction from 
network flow to matching substantially increases the size of the ~aph.  We solve the 
problem by giving a direct reduction to minimum weight matching. We first give 
a reduction of the unweighted disjoint paths problem to the matching problem where 
the edges have weight of only zero and one. This allows us to determine the maxi- 
mum number of paths. We then give a reduction that finds the minimum weight set 
of disjoint paths. These reductions only increase the number of vertices in the graph 
by a constant fraction. 

Lemma 3. The problem of finding a maximum set of disjoint paths can be 
reduced to that of finding the minimum weight perfect matching in some graph G" in 
which every edge has a weight of zero or one only. 

Proof. We transform the problem of finding a maximum set of disjoint paths 
in a graph G'=(V',  E') to the problem of finding a perfect matching of minimum 
weight in a graph G"=(V", E"). For convenience, we assume that IXI =1 YI. This 
can be achieved by adding dummy vertices to the smaller of the two sets. 

The graph G" has vertices vl, and Vo,t for each vC V ' - - X - Y  with an edge 
(vin, Vout)EE". There are also vertices xl, .... x~ and y~, ...,y~ in V". We also 
denote these sets as X and Y in V" and denote V " - X -  Y as IV. For an edge 
(v, w)EE" with v, wE V ' - - X -  Y there are edges (vt~, Wont), (wi~, Vo~t)6E". For an 
edge (xt, v)6E" there is an edge (xl, vi,)6E" and similarly for (Yl, v)EE" there 
is an edge (your, yj)EE". For an edge (x~, yj)6E', there is an edge (xl, yj)EE". 
All the edges mentioned so far have weight zero. We refer to this as the basic const- 
ruction. We add a complete bipartite graph with edges of weight one between X 
and Y in G". This may create parallel edges between some pairs x~ and yz, with one 
edge of weight zero and the other edge of weight one. 

We now show that a minimum weight perfect matching in G" corresponds 
directly to a maximum set of disjoint paths in G'. 



8 A. A G G A R W A L ,  R. I. ANDERSON 

Suppose we have a set o f k  vertex disjoint paths in G'. Let xlvt~ . . . . .  vtmY~ be a 
path. We match the edges (xi, vll, t,), (vt.,.o,a, yj), and (vt,,~ vt,.~,tn) /br I=  l . . .m-1  
in G". The unmatched vertices of W can be matched (v~,~,, vj,ou~). The remaining 
unmatched vertices are ~ - k  vertices of X and ~ - k  vertices of Y. These can be 
matched with edges of weight one. Thus we have a matching of weight ~ - k .  

Now suppose we have a perfect matching M of weight ct-k.  Let M" be the 
set of all edges of the form (v~,t,, vt.,,t). Consider the graph with vertices V" and 
edges M ~  M',  where ~ denotes symmetric difference. The vertices of X and Y all 
have degree one and the vertices of P/have degree zero or two. Thus, the graph con- 
sists of paths and cycles. The interior vertices of a path are alternately of the form 
v~,~ and Vj.o~z, so the paths go from X to Y. There are ~ paths in the graph. Since 
the matching had weight ct-k,  k paths have weight zero. These paths correspond 
directly to paths in G'. 

We have shown a perfect matching in G ~ corresponds directly to a set of ver- 
tex disjoint paths in G'. By minimizing the weight of a perfect matching we maximize 
the number of paths. | 

We now show that the minimum cost set of paths used in the algorithm can be 
constructed by solving a weighted matching problem. Recall that the cost function 
for a path that leaves the path IEL from the vertex is the distance that X is from 
the end of the path 1. We first contract each path s~  S to obtain a single vertex 
y~ in G'. Then, we contract each path ltEL to obtain a vertex x~ in G" and assign 
a weight o f j  to an edge incident at xt if the corresponding edge is incident at a ver- 
tex in ls and this vertex is at a distance o f j  from the topmost vertex in Iv If the con- 
struction yields multiple edges between x~ and v, only the one of minimum weight 
is retained. All edges not adjacent to a vertex corresponding to a path itEL have 
weight zero. 

Lemma 4 .  The problem o f  finding a minimum cost set o f  disjoint paths of  a 
given size can be reduced to the problem of  finding a minimum weight perfect matching 
in a graph with at most 2n vertices and edges of  weight at most n. 

Proof. Suppose we want to find a set of k disjoint paths of minimum weight 
between Xand Y. We construct a graph G"=(V",  E") in which a minimum weight 
perfect matching corresponds directly to a minimum weight set of k disjoint paths in 
G'=(V',  E'). Suppose IXI=~ and IYI=/~. We begin with the basic construction 
used above. The edges inherit their weights for G', so edges leaving vertices of X 
may have'non-zero weight and the other edges have weight zero. Instead of adding 
a complete bipartite graph between X and IT, we add two sets of vertices ,~ and 1~ 
where I , ~ l = ~ - k  and I I~l=f l -k .  We add complete bipartite graphs between X 
and ~ and between Y and ]7". These edges all have weight zero. 

By an argument that is almost identical to the one used in Lemma 3, it can be 
shown that there is a direct correspondence between a set of k disjoint paths in G' 
and perfect matching in G". The weight of the matching is the same as the weight 
of the disjoint paths, thus we can find the minimum weight set of paths by finding 
the minimum weight perfect matching, l 

Theorem 1. Let Puu(n) and TuM(n) denote, respectively, the number o f  proces- 
sors and the parallel time required to compute a minimum weight perfect matching 
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of  an n-node graph G" that has a weight of  at most n on all its edges. Then, the mini- 
mum cost set of vertex disjoint paths can be found in O(TMM(n)) parallel time with 
PM~ (n) processors. 

Proof. The above reductions are used in two stages. The first reduction is 
used to find the maximum number of disjoint paths, and then the second one is 
applied to find the minimum cost set of disjoint paths of that size. The time and 
number of processors are dominated by the cost of solving the matching 
problems. I 

7. Constructing an initial segment 

In this section we complete the description of the algorithm that constructs an 
initial segment T' of some depth first search tree. The routine constructs the initial 
segment from a separating set of paths Q. The initial segment is rooted at r and has 
the property that the largest connected component of V -  7" has size at most n/2, 
so T' could also be viewed as a separator. The set Q is assumed to have at most a 
constant number of paths (the bound is II). 

The routine to construct the initial segment is essentially a sequential algo- 
rithm; its only use of parallelism is in the low level routines that manipulate the 
graph. The algorithm maintains a subtree 7~. Initially, I" is just the vertex r. A step 
of the algorithm is to take one of the paths qE Q and to extend the subtree to con- 
rain at least half to the path q. This is done by picking the lowest vertex on ~ from 
which there is a path to q. Suppose the pathp is from xE1" to yEq where q=q'yq" 
and q' is at least as long as q". The path pq'y is added to ~ and the path q is replaced 
by q". Note that the length of the path q is reduced by at least half. Since the num- 
ber of paths initially in Q is at most 11, the number of phases until all paths of 
Q are used up is at most 11 log n. An individual phase of the algorithm can easily 
be done in O(log 2 n) time, so this algorithm runs in O(log s n) time. At the end of 
the algorithm, the subtree T is an initial segment such that the largest connected 
component of V - ~  has size at most n/2. To show that ~" can be extended to a 
depth first search tree it is sufficient to prove that there are no separate V ~paths between 
branches of ~' that have all their interior vertices in - . This condition holds 
through out the execution of the algorithm since the extensions are made from the 
lowest vertex possible. The largest connected component of V--~" has size at most 
n/2 since ~ contains all vertices on paths in Q and Q is a separator. 

8. Algorithm summary 

The preceding sections have described our parallel algorithm for depth first 
search. We now give a more formal version in pidgin PASCAL to facilitate the 
timing analysis. 

D FS(G, r) 
T" ..- Initial Segment(G, r); 
for each connected component C of G-T" do 

reeursively compute a dfs tree for C; 
add the tree for C to T';  
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Initial Segment(G, r) 
Q~-V; 
while [Q]> l l  do 

Reduce (Q) ; 
Build the initial segment from Q; 

The main routine of the algorithm is Reduce. In the code for the routine we 
use the following notation which is consistent with the notation used above. The set 
Q is divided into two sets of paths, L and S. A set of disjoint paths P is found between 
L and S. The joined paths of L and S are L and ~. The upper segments of the paths 
of L above the join are denoted L*. The vertices not on any of the paths are T, 
so T = V - Q - P .  For a subset X of the vertices, we use lcc(X) to denote the size 
of the largest connected component of the subgraph induced on X. 

Reduce(Q) 
K"-IQI; 
Divide Q into two sets, L and S, where ILl =I(/4 and IS] =3K/4; 
while [QI >11/(/12 do 

Find mincost disjoint paths P= {Pl ..... p~} between L and S; 
if cr then 

if lcc(TU(S-~))<n/2 then 
Q,--LUSUP; 

else 
Q ~ s u L u P ;  

return 
else if lcc (TU L*) >n/2 then 

Q*-LUSUP; 
return 

else 
Extend the paths of L. Suppose p joins l and s, x and y are the end- 

points of p and l=l'xl", s=s'ys". If [s'l_~[s~'[ then l-.-l'ps' 
and s-.-s", otherwise, l~l 'ps~and s,-s'. In both cases, l " i s  
discarded. 

The algorithm has three levels of iteration or recursion: the recursive con- 
struction of dfs trees for components, the calls to Reduce to reduce the size of the 
separator, and the step of extending paths. Each of these can be executed O(log n) 
times, so the run time is O(log a n) times the time of the inner loop of Reduce. 
The run time for the inner loop is dominated by the cost of finding the disjoint paths, 
which is solved as a matching problem. Matching can be solved in O(log 2 n) time 
[I I], so our algorithm runs in O(log s n) time. The only step of the algorithm which 
is expensive in terms of processors is finding the mincost set of disjoint paths. In 
Section 6, we showed that this problem could be reduced to the problem of finding 
a minimum weight perfect matching in a graph with edge weights of at most n. 
The number of vertices in the graph that we reduce the problem to is O(n). Thus, 
the matching problem can be solved with nM(n) processors [11], where M(n) is the 
number of processors that are needed to multiply matrices. 
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9. Discussion 

In this paper, we presented a fast parallel algorithm for computing a depth 
first search tree of  an n-vertex graph. We showed that  the depth first search prob-  
lem is in 9Lu  and if the problem of  minimum weight maximum matching 
is in ./r then so is the depth first search problem. Consequently, this paper  
disproves a widespread belief that the computat ion of  a depth first search tree is 
an inherently sequential process. However, this paper  also leaves the following prob-  
lems unresolved: 

1. Is the depth first search problem in gf-cr 
2. Does there exist a random or deterministic algorithm that has an optimal  

or a near  optimal processor-time complexity and that computes a depth 
first search tree in potylogarithmic time? 

3. Is there a polylogarithmic time algorithm that  computes a depth first 
search tree without using a minimum weight matching algorithm as a 
subroutine? Such an algorithm may be useful in obtaining a deterministic 
polylogarithmic time algorithm for the depth first search problem, and it 
may also yield an algorithm with a smaller processor-time complexity than 
our algorithm. 

4. Is the problem of  computing depth first search tree of  a directed graph in 
JV'ce or ~t,A/'c~? 
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